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Abstract 



Some basic topics in Light-Front (LF) quantized field theory are reviewed. 
Poincare algebra and the LF Spin operator are discussed. The local scalar 
field theory of the conventional framework is shown to correspond to a non- 
local Hamiltonian theory on the LF in view of the constraint equations on the 
phase space, which relate the bosonic condensates to the non-zero modes. This 
new ingredient is useful to describe the spontaneous symmetry breaking on 
the LF. The instability of the symmetric phase in two dimensional scalar theory 
when the coupling constant grows is shown in the LF theory renormalized to 
one loop order. Chern-Simons gauge theory, regarded to describe excitations 
with fractional statistics, is quantized in the light-cone gauge and a simple LF 
Hamiltonian obtained which may allow us to construct renormalized theory of 
anyons. 
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1 Introduction 

Dirac^ in 1949 pointed out the advantage of studying the relativistic quantum 
dynamics of physical system on the hyperplanes of the LF: + = const., front form. 
Seven out of the ten Poincare generators are here kinematical while in the conventional 
formulation on the hyperplanes = const., instant form, only six have this property. 
LF field theory was rediscovered in 1966 by Weinberg^ in his Feynman rules adapted for 
infinite momentum frame. It was demonstrated^ latter that the rules correspond to the 
quantization on the LF. 

The LF vacuum is simpler than the conventional theory vacuum and in many cases 
the interacting theory vacuum may coincide with the perturbation theory one. This 
results from the fact that momentum four- vector is now given by {k~,k~^,k^) where 
k^ = {k^±k^)/V2. Here k' is the LF energy while k^ and k~^ indicate the transverse 
and the longitudinal components of the momentum. For a massive particle on the mass 
shell k^ are positive definite and the conservation of the total longitudinal momentum 
does not permit the excitation of these quanta by the LF vacuum. The recent revival^'^'^ 
of the interest in LF quantization owes to the difficulties encountered in the computation 
of nonperturbative effects, say, in the instant form QCD. In the conventional framework 
QCD vacuum state is quite complex due to the infrared slavery and it contains also 
gluonic and fermionic condensates. There seems to exist contradiction between the 
Standard Quark Model and the QCD containing quark and and gluon fields. Also in the 
Lattice gauge theory there is the well known difficulty in handling light fermions. LF 
quantization may throw some light to clarify this and other issues. In the context of the 
String theories it has been used, for example, in the case of the heterotic strings^. 

It is convenient to use LF coordinates corresponding to (a;° ^) which 

are defined by {x~^,x~,x-^) where = {x^±x^)/\/2 = x^z and x-^ = x : {x^ = 
—xi, = — X2). We will take x~^ = r as the LF time coordinate and x~ = x as 
the longitudinal spatial coordinate-t . The LF components of any four- vector or any 

i Theory quantized, say, at equal x~^ seems already to carry information on equal x~ 
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tensor are similarly defined. The metric tensor for the indices fj, = (+,—,1,2) is 
^r"'""'' = g = g^^ = g^^ = 0; g'^ = g = —g^^ = —g^^ = 1- The transformation from 
the conventional to LF coordinates is seen not to be a Lorentz transformation. 

Any two non-coincident points on the hyperplane = const, have a spacelike 
separation: {x — y)'^\x°=y° = —{x — y)^ < and it becomes lightlike when the points 
coincide. The points on the LF hyperplane = const, also have a spacelike separation: 
{x — y)'^\^+^y+ = — (x-*- — y"*")^ < which reduces to lightlike when x-^ = ?/"*", but with 
the important difference that now the points need not be necessarily coincident since 
{x~ — y~) may take arbitrary value. Admitting also the validity of the microscopic 
causality principle it can be shown that the appearence of nonlocality in the LF field 
theory along the longitudinal direction x~ is not necessarily unexpected. Consider, for 
example, the commutator [A{x'^ , x~ , x-^), B (0,0,0-^)] ^+^q of two scalar observables A 
and B. The microcausality would require it to vanish for 7^ when x^\x+=q is 
spacelike. Consequently it is proportional to and its derivatives which implies 

locality in a;-*-; however, no restriction on the x~ dependence follows. Similar arguments 
in the equal-time case lead to the locality in all the three space coordinates. We note 
also that in view of the microcausality both [A{x), B{Q]j.+^q and [A{x)., B{Q)]y.o^Q may 
be nonvanishing only on the light cone = . 

It is interesting to consider the Lehman spectral representation^ for the scalar field 

/•oo ^00 lAu 

(|[0(x),0(O)]|)o = da'pia')Aix;a'), Aix;a') = j ^ ^e{k')S{e -a') e-"'-^ 

Here the spectral function p(cr^) is Lorentz invariant and positive definite and A{x; a^) 
is the vacuum expectation value (v.e.v.) of the commutator of the free field and 
^{y) = ~^{~y) = ^(y) ~ ^{~y) = l for y > O. For the field theory with a local 
Lagrangian it can be shown in the equal-time framework that da"^ pi'^'^) = 1 • On 
the LF, d'^k = d^kdh+dk', k'^ = 2k+k- - k.x = k+x' + k-x+ - k^.x^, and 

commutators as well and the role of x~^ and x~ may be interchanged (See Appendix). 
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{2\k+\)6{P-cr^) = 6{k--[P+cr^]/{2k+)). Rence we show that A{x+ ,x- ,x;cr^)\^+=o = 
— j6'^{x)e{x~) and it follows that on the LF [(j){x'^,x~ ,x),(I){0)]\x+^q = —j5'^{x)e{x~) 
where v.e.v. of the expression is understood. In contrast to the equal-time case the 
equal-T commutator is not vanishing and it has a nonlocal dependence on x~. The same 
result will be shown to follow also in the canonical quantization on the LF when we use 
the Dirac procedure^ in order to construct the Hamiltonian framework. We remind that 
any field theory written in terms of the LF coordinates describes necessarily a constrained 
dynamical system with a singular Lagrangian. 

We remark that in the LF quantization we (time) order with respect to x~^ 
rather than x^. The microcausality, however, ensures that the retarded commutators 
[A{x),B{0)]6{x^) and [A{x), B{0)]9{x'^) do not lead to disagreement in the two 
formulations. In fact in the regions x^ > 0,x'^ < and x^ < 0, a;"*" > 0, where the 
commutators appear to give different values the x'^ is spacelike and consequently both 
of them vanish. Such (retarded) commutators in fact appear in the S-matrix elements 
when we use the Lehmann, Symanzik and Zimmerman (LSZ)^*^ reduction formulae. 

2. Poincare Generators on the LF 

The Poincare generators in coordinate system {x^ , x^ , x'^ , x^) , satisfy [M^;^,Po-] = 
-i{P^g^a - Pug^ia) and [M^^, Mp„] = i{M^pg^„ + M^^g^p - M^pg^^ - M^^g^p) where 

the metric is g^^i, — diag (1, —1, —1, —1), /i = (0, 1, 2, 3) and we take 60123 = e 1-12 — 1- 

If we define Jj = — (1/2) eikiM'''' and Ki = Ma, where i,j, k,l = 1, 2, 3, we find [Jj, Fj] = 
ieijkFk for Fi = Ji,Pi or Ki while [Ki,Kj] = -ieijkJk, [Ki, Pi] = -iPogu, [Ki, Pq] = 
iPi, and [Ji,Po] = 0. 

The LF generators are P+,P_,Pi,P2, M12 = -J3, M+_ = -K3, Mi_ = -{Ki + 
J2)/V2 = -Si, M2- = -{K2 - Ji)/V2 = -B2, Mi+ = -{Ki - J2)/V2 = -Si, and 
M2+ = -{K2 + Ji)/V2 = -S2 . We find [Si, B2] = 0, [S„, J3] = -iSabB^, [S„, K3] = 
iBa, [J3, Ks] = 0, [^i, ^2] = 0, [Sa, J3] = -i^abSb, [Sa, K3] = -iSa where a,b= 1,2 and 
ei2 = -e2i = 1. Also [Si, Pi] = [S2,P2] = zP+,[Si,P2] = [S2,Pi] = 0, [S„, p-] = 

lPa,[Ba,P+] = 0,[5i,Pi] = [52, P2] = zP-,[5i,P2] = [52,Pl] = 0, [5„, P+] = 



- 5 - CBPF-NF-045/96 

iPa,[Sa.P-] = 0,[5i,52] = -[52,^2] = -iJ^,[Br, Si] = [B^, S2] = -iKs. For 
= id^, and M^^ L^^ = i{x^dr, - x^d^) we find Ba = (x+P"- - x°'P+),Sa = 
[x-P" - x"P-),i^3 = {x-P+ - X+P-) and J3 = {x^P^ - x'^P^). Under the 
conventional parity operation V: ( x^ x^,x^'^ —x^''^) and (p^ p'^^p^''^ — > 
— p^'^), we find J ^ J, K ^ —K, Ba — > —Sa etc.. The six generators Pi, M^i 
leave a;° = hyperplane invariant and are called^ kinematical while the remaining 
Po) the dynamical ones. On the LF there are seven kinematical generators : 
P"*", P^, P^, Pi, P27 J3 and which leave the LF hyperplane, x^ + x^ = 0, invariant and 
the three dynamical ones .Si, 5*2 and P~ form a mutually commuting set. We note that 
each of the set {Pi, P2, J^} and {S\,S2i J3} generates an P2 — SO{2) (8) T2 algebra; this 
will be shown below to be relevant for defining the spin for massless particle. Including 

K3 in each set we find two subalgebras each with four elements. Some useful identities 

are e'^^^ P± ^''^^Ks ^ ^±uj p± ^ ^iujKs p± ^-iujKa ^ p±^ ^iv.B p- ^-iv.B = p- ^ y p + 

1^2p+ ^iv.B p+ ^-iv.B _ p+ ^iv.B p± ^-iv.B _ p± _j_ y± p+ ^iu.S p+ ^-iu.S _ p+ _j_ 

U.P+ \v?p- ,e^^-^ P- e-^^-^ = p-,e*"-^P^e-*^-^ = P^ + w^P" where P^ = P = 
(P^P^), v-*- = V = (fi,f2) and {v-^.P-^) = (v.P) = viP'^ + V2P'^ etc. Analogous 
expressions with P'* replaced by X^^ can be obtained if we use [P^, Xiy] = [id^^, x^,] = iS^ . 

3. LF Spin Operator. Hadrons in LF Fock Basis 

The Casimir generators of the Poincare group are : P^ = P^P/j, and W^, 
where = (— l/2)eApi/^M^^P^ defines the Pauli-Lubanski pseudovector. It follows 
from [W^;,,^^] = ief,^xpW^PP, [W^, Pp] = and W.P = that in a 
representation charactarized by particualr eigenvalues of the two Casimir operators we 
may simultaneously diagonalize P^ along with just one component of W^. We have 
W+ = -[J3P+ + PiP^ - B2P^],W- = JsP- + SiP^ - S2P\ = KsP^ + B2P- - 
S2P^ 1 and W"^ = — [KsP-^+PiP"— 5'iP+] and it shows that W'^ has a special place since 
it contains only the kinematical generators. On the LF we define jTs = —W'^/P'^ as the 
spin operator^^ . It may be shown to commute with P^, Bi, B2, J3, and Ks- For m ^ 
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we may use the parametrizations p^^ : {p~ = {m? + p-'-^)/(2p+),p+ = (m/v^)e'^,p-^ = 
—vip'^,p^ = —V2P~^) and p^ : (1, 1, 0, 0)(m/V2) in the rest frame. We have P'^{p) = rn?! 
and W{pY — W{pY — —m'^[Jf + J| + J|] = — m^s(s + 1)/ where s assumes half-integer 
values. Starting from the rest state \p; m, s, A, ..) with J3 \p; m, s, A, ..) = A \p; m, s, A, ..) 
we may build an arbitrary eigenstate of P+, P-*-, J3 (and P~ ) on the LF by 

\p+,p^; m, s, A, ..) = e^(^-^)e-^-^3 \p. x, ..) (1) 
If we make use of the following identity for the spin operator 

Jsip) - J3 + viB2 - V2Bi = e^(^-^) Js e-^(^-^) (2) 

we find J3 Ip'^iP'^; m, s, A, ..) = A m, s, A, ..). Introducing also = —{JiP°' + 

a = 1,2, which contain dynamical generators we verify that [Ji,Jj\ = 

For m — Q case when p'^ ^ Q a, convenient parametrization is p^ : {p~ = 
p+v-^^/2, = = and p : (0,p+,0-^). We have W'^{p) = -{S^ + 

and [WuW2]ip) = 0, [W+,Wi]{p) = -ip+W2ip), [W+,W2]ip) = ip+W^ip) 
showing that VFi, W2 and W'^ generate the algebra SO (2) (8) T2. The eigenvalues of W'^ 
are hence not quantized and they vary continuously. This is contrary to the experience 
so we impose that the physical states satisfy in addition VFi,2|p; m = 0, ..) = 0. Hence 

= —XPfj, and the invariant parameter A is taken to define as the spin of the massless 
particle. From — = J3 we conclude that A assumes half-integer values as 
weU. We note that W^'Wf, = X^P^^P^, = and that on the LF the definition of the spin 
operator appears unified for massless and massive particles. A parallel discussion based 
on p~ may also be given. 

As an illustration consider the three particle state on the LF with the total 
eigenvalues p'^ , A and p-^. In the standard frame with p-^ = it may be written 
as {\xip+,k^;Xi)\x2P'^,ki^;X2)\x3p+,ki-;X3) ) with Yl^^^i = 1> Z)?=i k:^ = 0' ^^d 
A = Ya=i ^i- Aplyiiig e~*(^-^)/^^ on it we obtain {\xip'^,k^ + xip-^; Xi)\x2P'^ , k2 + 
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X2P'^'i ^2)\x3p'^ ik^ + icap"*"; A3) ) now with p-^ 7^ 0. The Xi and k;^ indicate relative 
(invariant) parameters and do not depend upon the reference frame. The Xi is the 
fraction of the total longitudinal momentum carried by the z*^ particle while A;^ its 
transverse momentum. The state of a pion with momentum (p'^^p^), for example, may 
be expressed as an expansion over the LF Fock states constituted by the different number 
of partons 



|7r:p+,p^) = V Ui ' l \n: Xip+,xip^ +k^i,Xi) i;n/^{xi,k-^i,Xi;x2,...) 

(3) 

where the summation is over all the Fock states n and spin projections Aj, with 
YLidxi = Ilidxi 5(^Xi — 1), and IliCpk:^- = Ilidk:^ <^^(Z]^i")- The wave function of 
the parton i/^n/Tvix, k-^) indicates the probability amplitue for finding inside the pion the 
partons in the Fock state n carrying the 3-momenta {xip'^ , Xip^ + k:^). The Fock state 
of the pion is also off the energy shell : "^k^ > p~ . 

The discrete symmetry transformations may also be defined on the LF Fock 
states. For example, under the conventional parity V the spin operator is not left 
invariant. We may rectify this by defining LF Parity operation by V^^ = e~'^'^^^V. 
We find then Bi -Bi,B2 B2,P^ P^,P^ -P^,P'^ P^ etc. such 
that V''-^\p'^ ,p-^;m, s, X, ..) ~ — p^, p^; m, s, —A,..). Similar considerations apply for 
charge conjugation and time inversion. For example, it is straightforward to construct 
the free LF Dirac spinor x{p) = ['V^p"'"A+ + (m — ^""p"") A~]x/-\/v^2p+m which is also 
an eigenstate os Jz with eigenvalues ±1/2. Here A='= = 7°7='=/-\/2 = 7^7='=/2 = (A='=)'t', 
(A^)^ = A^, and x{p) = X with 7^% = X- The conventional (equal-time) spinor can 
also be constructed by the procedure analogous to that followed for the LF spinor and it 
has the well known form Xcon{p) = {n^ + 1-P)x/ •\/2m(p^~+m). Under the conventional 
parity operation V : x'{p') = ci^x{p) ( since we must require 7^^ = L^^^, S{L)^^ S~^{L) 
etc. ). We find x'{p) = c[\/2p~ k~ + (m — 7"^") A+] x/VVSp""?.. For p 7^ p it is not 
proportional to x{p) contrast to the result in the case of the usual spinor where 
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l^Xconip^.-p) = Xconip) foT E > (and 7°'7con(p°, -p) = -Vcon{p) for E < 0). 
However, applying parity operator twice we do show x"ip) = c^xip) hence leading 
to the usual result = ±1. The LF parity operator over spin 1/2 Dirac spinor is 
"P^f = c(2Ji)7^ and the corresponding transform of x is shown to be an eigenstate of 
Js. 

4. Spontaneous Symmetry Breaking (SSB) Mechanism. Continuum Limit 
of Discretized LF Quantized Theory. Nonlocality of LF Hamiltonian 

The quantization of scalar theory in equal-time framework is found in the text 
books but the existence of the continuum limit of the Discretized Light Cone Quantized 
(DLCQ)^^ theory, the nonlocal nature of the LF Hamiltonian, and the description of the 
SSB on the LF were clarified only recently. 

Consider first the two dimensional case with C = [^xj)' — (</>)]■ Here r = x'^ = 
{x^ + x^)/\/2, X = x~ = {x^ — x^)/\/2, drCp = 9x(/> = (j)' , and d'^x = drdx. The 
eq. of motion, 4>' = {—l/2)dV {(/))/ Scf), shows that = const, is a possible solution. We 
write^^ (f){x,T) = u!{t) + (f{x,T) where u>{t) corresponds to the bosonic condensate 
and (fi{T, x) describes (quantum) fluctuations above it. The value of a;(= (O|0|O)) will be 
seen to characterize the corresponding vacuum state. The translational invariance of the 
ground state requires that a; be a constant so that C = (pip' — V{(f)). Dirac procedure^ 
is applied now to construct Hamiltonian theory which would permit^ us to to construct 
a quantized relativistic field theory. We may avoid using distribuitions if we restrict x 
to a finite interval from — L/2 to L/2 . The physical limit to the continuum (X — > oo J, 
however, must be taken latter to remove the spurious finite volume effects. Expanding (p 
by Fourier series we obtain (/)(t, x) = uj-^ip{T,x) = '^ + '^?o(t) + -^ Xll/o e"*'^"-^ 
where kn — n(27r/L), n = 0, ±1, ±2, ... and the discretized theory Lagrangian becomes 
lYlin ^nQ-n Q.n ~ j dx Vi^cj)). The momenta conjugate to qn are Pn = ik^q-n and 
the canonical LF Hamiltonian is found to be J dxV{u} + (p{r,x)). The primary 
constraints are thus po ~ and = Pn — i^nQ-n ~ for n 7^ . We 

foUow^^ the standard Dirac procedure^ and find three weak constraints^ po ~ 0, 
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P = J dxV'{(f)) 0, and for n 7^ on the phase space and they are shown to 

be second class^. We find {n,m 7^ ) {^n,Po} = 0, {$^, = —2iknSm+n,o 1 
= = -{l/^/L)jdx [V"{^)-V"{[u + qo\/^)]e-'^-'^ = -a^/^, 

{po,/3} = -{l/^/L)jdx V"{(t)) = -al\fL, {po,Po} = = 0. Implement 

first the pair of constraints po ~ 0, /? by modifying the Poisson brackets to the 
star bracket {}* defined by {j.g)* = {f,g} - [{f,po} {P,g} - (po ^ P)] {a/VL)-\ 
We may then set po = and /? = as strong relations^. We find by inspection 
that the brackets {}* of the remaining variables coincide with the standard Poisson 
brackets except for the ones involving go and Pn {n 7^ 0): {qq^Pu}* = {Qo,^n}* — 
-{a-^an). For example, if ^(0) = {X/ 4) {(j)'^ - m'^ / xf , X > 0,m ^ we 
find {qo,Pn}* [{SX{uj + qo/VL)^ -m^}L + 6X{uj + qo/^/Z) J dx(f + 3A / dx<f^] = 
-3X[2{u; + qo/^/L) VLq_n + J dxif^ e''^-^]. 

We next implement the constraints $n ~ ( n 7^ 0). We have Cnm — {$n, ^m}* = 
and its inverse is given by C ^nm = (l/2iA;n)5n+m,o • The final Dirac 
bracket which taking care of all the constraints is then given by 

{/, 9}d = {/, qY - ^{/' ^nY {$-n, 9Y- (4) 

where we may now in addition write pn = iknq-n ■ It is easily shown that {go, Qo}d = 

0, {go,fn}D = {qo, ik^q-njo = ^ {QO.PnY lUn^Prnjo ^ \5nm- 

The limit to the continuum^^, L — > 00 is taken as usual: A = 2(7r/L) 
dk,kn = nA k^y/Lq^n lirriL^aQ J^^^i^dx ip{x) e^^'^^ = j'^^ dx (f{x) e^^^ = 
\^(f(k) for all n, \/27Tip(x) = j"^^ dk (p{k) e~'^^^ , and (qo/VL) 0. From 
{Vlqm, VLq-n}D = LSnm/C^ikn) following from {qn,Pm}D for n,m 7^ we derive, on 
using Ldnm JZ^ dxe'^^-^'> = 27r6{k - k'), that {<f{k), ^{-k')}D = S{k - k')/{2ik) 
where k,k' ^ 0. If we use the integral representation of the sgn function the well 
known LF Dirac bracket {(p{x,T), (^(y, t)}^) = —\e{x — y) is obtained. The expressions 
of {qQ,Pn\D (or {qoi'^'^d) show that the DLCQ is harder to work with here. The 
continuum limit of /9 = is 
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lirriL^ooY / dxV'{(f)) 

^ Jl/2 

1 [^'^ \ 

(ju{X(jj'^ — m^) + lirriL-.ooY / '^^ (3Aa;^ — m^)<^ + A(3a;<^^ + </7"^) 

L J-L/2 L 



.L/2 
-L/2 

while that for the LF Hamiltonian is {P~ = i?^ -^ ) 



(5) 



= 



/ 



dx 



uj{Xu)^ - w?)ip + ^ (3Aa;^ - m^)(^^ + Aa;(^^ + ^(/?^ (6) 



These results follow immediately if we worked directly in the continuum formulation^^; 
we do have to handle generalized functions now. In the LF Hamiltonian theory we have 
an additional new ingredient in the form of the constraint equation (5). Elimination of uj 
using it would lead to a nonlocal LF Hamiltonian^^ in contrast to the corresponding local 
one in the equal-time formulation. At the tree level the integrals appearing in (5) are 
convergent from the theory of Fourier transform. When L oo, it results in V {u) = 0, 
which in the equal-time theory is essentially added to it as an external constraint. In 
the renormalized theory^^ the constraint equation describes the high order quantum 
corrections to the tree level value of the condensate. 

The quantization is performed via the correspondence z{/, g^D ^ [/, g] ■ Hence 
(/?(x,r) = (1/v^) /rf/c e{k) [a(/c,r) e'^^^^ + at(/c, r)e'^^]/(v^), were a(/c,r) and 
satisfy the canonical equal-r commutation relations, [a(/c, r), a(/c', r)^] = 5{k — 
k') etc.. The vacuum state is defined by a{k^T)\vac) = , /c > and the tree level 
description of the SSB is given as follows. The values of a; = {\(j>\)yac obtained 
from V'{uj) = characterize the different vacua in the theory. Distinct Fock spaces 
corresponding to different values of lv are built as usual by applying the creation operators 
on the corresponding vacuum state. The a; = corresponds to a symmetric phase since 
the hamiltonian is then symmetric under (p — > —(p. For u! ^ this symmetry is violated 
and the system is in a broken or asymmetric phase. 

The self-consistency^ may also be checked. Hamilton's eq. gives (f{x,T) = 
—i[(p{x,T), H''-'f^-{T)] — — j dy e{x — y)V' {(f){y^T)) / A and we recover the Lagrange 



- 11 - CBPF-NF-045/96 

eq. (p'{x,t) = —V'{(j){x,T))/2. If we substitute the value of V'{(j)) obtained from 
the latter in the former we find after an integration by parts (^(x,r) = (^(x,r) — 
Vj(oo, r)e(oo — x) — oo, r)e(— oo — x) /2. For finite values of x this leads to 
(/?((X),t) + (/?(— oo, r) = 0. On the other hand, if we integrate the momentum space 
expansion of (fi'{x,T) given above we may show that <^(oo,t) — (^(— oo,t) = 0. Hence 
we are led to 5t-<^(±oo, t) = as a self-consistency condition. This is analogous to the 
condition dt(p{x^ = ±oo, t) = which in contrast is added to the equal-time theory upon 
invoking physical considerations. The constraint eq. is then seen to follow also upon 
a space integration of the Lagrange eq.. A self-consistent Hamiltonian formulation can 
thus be built in the continuum which can also describe the SSB. 

The extension^^ to 3 + 1 dimensions and to global continuous symmetry is 
straightforward. Consider real scalar fields 0a(a = 1, 2, ..N) which form an isovector of 
global internal symmetry group 0{N). We now write (f)a{x, x, t) = uja + fa{x, x, r) and 
the Lagrangian density is C = [i-PaV'a ~ {^/'^){di(fia){di<fia) ~ V{4>)], where i = 1,2 indicate 
the transverse space directions. The Taylor series expansion of the constraint equations 
Pa = gives a set of coupled eqs. LV^{u>) + V"i,{u!) J dx(fb + Kbcl"^) / dx(ph<Pc/'^ + 
... = 0. Its discussion at the tree level leads to the conventional theory results. 
The LF symmetry generators are found to be G'a(r) — —if d'^xdxifi'^{ta)cd'Pd = 
f d'^kdke{k)ac{k,k)^ta)cdadik,k) where a, P = 1,2, N{N - l)/2 , are the group 
indices, ta are hermitian and antisymmetric generators of 0{N), and ac{k, k)^ {ac{k, k)) 
is creation ( destruction) operator contained in the momentum space expansion of (fc- 
These are to be contrasted with the generators in the equal-time theory, Qaix^) = 
/ d^xJ^ = —i J d^x{dQ(^a){ta:)ab'^b — ^(^a'^)a / d^ x{d(p a / dx^) . Thus the generators on 
the LF always annihilate the LF vacuum and the SSB is now seen in the broken symmetry 
of the quantized theory Hamiltonian. The criterian for the counting of the number of 
Goldstone bosons on the LF follows to be the same as in the conventional theory. On 
the other hand, the first term on the right hand side of Qa(a;°) does annihilate the 
conventional theory vacuum but the second term gives now non-vanishing contributions 
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for some of the (broken) generators. The symmetry of the vacuum is thereby broken 
while the quantum Hamiltonian remains invariant. The physical content of SSB in 
the instant form and the front form, however, is the same though achieved by differnt 
descriptions. Alternative proofs^^ on the LF, in two dimensions, can be given of the 
Coleman's theorem related to the absence of Goldstone bosons and of the pathological 
nature of massless scalar theory; we are unable to implement the second class constraints 
over the phase space. 

We remark that the simplicity of the LF vacuum is in a sense compensated by 
the involved nonlocal Hamiltonian. The latter, however, may be treatable using advance 
computational techniques. In a recent work^^ it was also shown that renormalized theory 
may be constructed without the need of first solving the constraint eq. for uj. Instead we 
perform renormalization and obtain a renormalized constraint equation. For {(f)'^)2 theory 
this along with the equation expressing mass renormalization condition are sufficient to 
describe the phase transition in the theory. It was found to be of the second order, 
which agrees with the conjecture of Simon and Griffiths-*^^, in contrast to the first order 
transition found if we follow the variational methods. 

5. Chern-Simons (CS) Gauge Theory 

LF quantization may turn out to be useful for nonperturbative computations in 
QCD and in the study of relativistic bound states of light fermions. To elucidate some 
general features in gauge theory quantized on the LF we consider-*^^ the CS theory 
described by the singular Lagrangian C = {V^(f)){Vij_(f)*) + {k/ ^7^)6^^^ A^d,jAp, which 
is known to be relevant for the theory of anyons- excitations with fractional statistics. 
Here = {d^ + ieA^), = [d^ — ieA^), and the theory a has a conserved and gauge 
invariant four-vector current j'^ = ie{(f)*T>'^(f)—(l)T>^(j)*) . Its contravariant vector property 
must remain intact if the Hamiltonian theory constructed is relativistic. 

On the LF the light cone gauge (Leg.), A_ = 0, is clearly accessible in the Lagangian 
formulation. It will be shown to be so also on the phase space. Before applying the 
Dirac method to construct an Hamiltonian we must consider the boundary conditions 
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(bcs) on the fields involved in our non-covariant gauge. The self-consistency^ requires 
that the Hamiltonian theory must not contradict the Lagrangian theory and we may 
thus examine first the Lagrange eqs. in Leg.. We find an expression of the electric 
charge Q on integrating (one of) the eq. of motion 2ad-Ai — j"*", where k = Aira: 
Q = J dPxj^ = 2a J dx^ [Ai{x^ = oo,x^) — Ai{x~ = —oo,x^)] . It follows that if 
the charge is nonvanishing Ai can not satisfy the periodic or the vanishing bcs at 
infinity along x~ . We will assume the anti-periodic bcs for the gauge fields along 
x~ and the vanishing ones along x^. For the scalar fields similar arguments allow 
us to assume vanishing bcs at infinity. The canonical Hamiltonian, after integration 
by parts using these bcs, may then be written as He = / d'^x[{'Di(f)){'Di(f)*) — A+^l] 
where = ie{'K(j) — 7r*0*) + ae^'^^diAj + ^^tt* and i = — , 1. From this as the starting 
point-*^^ we apply the Dirac procedure^ to construct a self-consistent Hamiltonian theory 
corresponding to the singular CS Lagrangian. We find two first class constraints 
TT"*" ~ and O ^ which generate gauge transformations and four second class 
ones, T = TT - fa 0, T* = tt* - V_(j) w 0, and = tt* - ae+^^ Aj ^ 0. 

The extended Hamiltonian is H' = He + J d^x[uT + u*T* + tt^T* -|- ■u+Tr+j where 
u,u* ,u'^ ,Uj^, (and ^4.) are Lagrange multiplier fields. The eqs. of motion are obtained 
from df{x,T)/dT — {f{x,T),H'{T)} + df jdr and from them we conclude that a set 
of multipliers may be chosen such that A- a; and dA-jdr ~ 0. The local Leg. 
A_ ft! is thus also accessible on the phase space. We add in the theory this gauge-fixing 
constraints so that now the set of second class constraints becomes T^, m = 1,2.. 6: 
Ti = T~,T2 = T^,T3 = T,T4 = T*,T5 = ^_,T6 = while 7r+ stays first 
class. The initial Poisson brackets are now modified to define the Dirac brackets {/, (7}d 
such that the second class constraints may be written as strong equalities^ = and 
df{x,T)/dT = {f{x,T),H'{T)}D + df/dT. The Dirac brackets are constructed^^ to be 




d^ud^v {/, Tm{u)} Cj^{u, v) {Tn{v), g} 



(7) 



where C 



{x, y) is given by 
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/ -4aa^_ \ 

4aa^_ [(j)*{x)(j){y) + (p{x)(f)*{y)] 2ai(j){x) -2ai(p{x)* -4a 

2a#(7/) (2a)2 

-2ai(t>*{y) (2a)2 

2(2a)2 

-4a 2(2a)2 / 



K{x - y) 
(2a)2 



(8) 



It is the inverse of the constraint matrix with the elements = {T^,T„} and 

K{x — y) = —{1/A)e{x~ — y~)5{x^ — y^). We find that Aj^ which is aheady absent 
in Tm, drops out also from Hf. since = 0. The tt"*" f« stays first class even with 
respect to the Dirac brackets and the multiplier Us^ is left undetermined. The variable 
TT"*" decouples and we may choose tt+ = so that tt"*" and are eliminated. The LF 
Hamiltonian then simplifies to 



H'-f-ij)^ j cPx {V,<l>)(V,r) 



(9) 



There is still aU{l) global gauge symmetry generated by Q. The scalar fields transform 
under this symmetry but they are left invariant under the local gauge transformations 
since, {Q, /j^, = 0. The only independent variables left are (f) and 0* which satisfy the 
well known equal-r LF Dirac brackets 



{4>, 4>}d = 0, {0* , r }d = 0, {(Pix, r), r (y, t)}d = K{x, y) (10) 

We remark that we could alternatively eliminate tt'^ by introducing another local 
gauge-fixing weak condition Aj^ ^ (and dAj^/dr ~ 0) which is easily shown to be 
accessible. The additional modification of brackets does not alter the Dirac brackets of 
the scalar field already obtained. There is thus no inconsistency in choosing the two 
local and weak gauge-fixing conditions A± on the phase space at one Gxed time r 
in the CS gauge theory; that they are accessibile follows from the Hamilton's eqs. of 
motion. 
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We check now the self- consistency. From the Hamilton's eq. for we derive 
(e = l,7r* = d-(j)) : d-d+(i){x,T) = {7v*{x,t), H{t)}d = ^ViVkI) - iA+d-(j) - 
^(d-A+)(j} where —2ad-A+ = = —ie{(/)*Vi(/) — (^Vicj)*). On comparing this with 
the corresponding Lagrange eq. d+d-cj) = \ViDi(f) — iA+d-cj) — in the Leg. 

it is suggested for convenience to rename the expression A+ on the phase space by (the 
above ehminated ) A^. We thus obtain agreement also with the other Lagrange eq. 
—2ad-A-\- = = — ze((^*I>i(/) — </>*). The Gauss' law eq. is seen to correspond to 
n = and the remaining Lagrange eq. is also shown to be recovered. The Haniiltonian 
theory in the Leg. constructed here is thus shown self-consistent. The variable 
has reappeared on the phase space and we have effectively A- = (and not A± = 0). 
Similar discussion can be made in the Coulomb gauge in relation to A^ and there is no 
inconsistency on using the non-covariant local gauges for the CS system. That only the 
nonlocal gauges^^ may describe consistently the excitations with fractional statistics in 
the CS system does not agree with our conclusions. We find that it should also arise in 
the quantum dynamics of the simpler Hamiltonian theory described by (9) and (10) on 
the LF in the local Leg., which possibly may be used to construct renormalized theory 
of anyons, or in the local Coulomb gauge in the conventional framework. In the latter 
case or in the nonlocal gauges the Hamiltonian is complicated and renormalized theory 
seems difficult to construct. A dual description^'^ may also be constructed on the LF. 
We can rewrite the Hamiltonian density as H = {di(j)){di(j)*) if we use Ai — diA where 
8aA{x~,x^) = J d'^ye{x~ - y~) e{x^ - y^)3^{y) and define = e*^0, 0* = e~*^0* . 
The field clearly does not have the vanishing Dirac bracket (or commutator) with itself 
and leads to manifest fractional statistics. 

The relativistic invariance of the theory above is shown^^ by checking the Poincare 
algebra of the field theory space time symmetry generators. We also come to the 
conclusion that the anyonicity seems not to be related to the unusual (not unexpected^^ 
in non-covariant gauges) behavior under space rotations (sometimes referred to as 
rotational anomaly^^'^^) of the scalar or the gauge field but rather to the (renormalized) 
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quantum dynamics of CS system, for example, described by (9) and (10). 
6. Conclusions 

The LF quantization seems useful and complementary to the conventional one and 
may be used with some advantage in the context of gauge theories like QCD and CS 
systems among others for stdying nonperturbative effects. The description of the physical 
observation (like the SSB, Higgs mechanism, Anyonicity, Phase transition etc.) on the LF 
may be somewhat different. The self-consistency conditions contained in the constrained 
dynamical system on the LF (phase space) seem to correspond to (at least some of) the 
external constraints we generally add in the conventional quantization on the basis of 
physical considerations. The local non-covariant gaiigcs^-'^ which have been successfully 
used in Yang-Mills gauge theories may be used consistently also in the case of CS gauge 
theory. 

Acknowledgements 

Acknowledgements are due to Ken Wilson, A. Harindranath, R. Perry and M. Tonin 
for constructive discussions and suggestions and to J. Leite Lopes, F. Caruso, B. Pimentel 
and R. Shellard for their comments. 

Appendix : Commutators for equal-a;~ 

The LF formulation is symmetrical with respect to x'^ and x~ and it is a matter of 
convention that we take the plus component as the LF time while the other as a spatial 
coordinate. The theory quantized at x'^ = const, hyperplanes, however, does seem to 
already incorporate in it the information from the equal- a; ~ quantized theory. 

For illustration we consider the two dimensional massive free scalar theory. The LF 
quantization, assuming x'^ as the LF time coordinates, leads to a; = and the equal-x"'" 
commutator [(p{x'^ , x~), (f{x'^ ,y~] = —ie{x~ —y~)/4:. The commutator can be realized 
in the momentum space through the expansion 
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V27r Jfc+>o v2/c+ L 

where [a(A;'''), a(Z+)^] = 5{k'^ — l'^) etc. and 2k'^k~ = m?. It is then easy to show 



We may change the integration variable io k~ by making use of k~dk~^ + k~^dk~ = 0. 
Hence on employing the integral representation e{x) = {i/'n)V J^^{dX/X) exp{—iXx) 
we arrive at the equal- a;~ commutator 

[<p{x+, x~), (p{y+, x~)] = -^e(a;+ - y+) 

The above field expansion on the LF, in contrast to the equal-time case, does not involve 
the mass parameter m and the same result follows in the massless case also if we assume 
that k'^ = implies k~ = l~ . Defining the right and the left movers by (p{0,x~) = 
ip^{x~), and 1/7(2;+, 0) = Lp^{x~^) we obtain [(p^{x~),(p^{y~)] — (— ■i/4)e(x~ —y~) while 
[^^(a;+),^^(y+)] = H/4)e(x+-y+). 



gife (j/+-a;+) _ g-ife (j/+-a;+) 



References 

1. P. A.M. Dirac, Rev. Mod. Phys. 21 (1949) 392. 

2. S. Weinberg, Phys. Rev. 150 (1966) 1313. 

3. J.B. Kogut and D.E. Soper, Phys. Rev. D 1 (1970) 2901. 

4. S.J. Brodsky and H.C. Pauli, Light-cone Quantization and QCD, Lecture Notes in 
Physics, vol. 396, eds., H. Mitter et. al.. Springer- Verlag, Berlin, 1991; 

S.J. Brodsky and G.P. Lepage, in Perturbative Quantum Chromodynamics, ed., A.H. 
Mueller, World Scientific, Singapore, 1989. 

5. K.G. Wilson, Nucl. Phys. B (proc. Suppl.) 17 (1990). R.J. Perry, A. Harindranath, 
and K.G. Wilson, Phys. Rev. Lett. 65 (1990) 2959. 



- 18 - CBPF-NF-045/96 

6 R.J. Perry, Hamiltonian Light-Front Field Theory and QCD, Hadron Physics 94, pg. 
120, eds., V. Herscovitz et. al.. World Scientific, Singapore, 1995 and the references 
contained therein. 

7. D. Gross, J. Harvey, E. Martinec and R. Rohm, Nucl. Phys. B256 (1985) 253. 

8. H. Lehmann, Nuovo Cimento 11 (1954) 342. See also 7. 

9. P.A.M. Dirac, Lectures in Quantum Mechanics, Benjamin, New York, 1964; E.C.G. 
Sudarshan and N. Mukunda, Classical Dynamics: a modern perspective, Wiley, 
N.Y., 1974; A. Hanson, T. Regge and C. Teitelboim, Constrained Hamiltonian 
Systems, Acc. Naz. dei Lincei, Roma, 1976. 

10. S.S. Schweber, An Introduction to Relativistic Quantum Field Theory, Harper and 
Row, Inc., New York, 1962. 

11. Da Teoria Qudntica de Campos Sobre a Frente de Onda da Luz, Tese para Concurso 
Publico para Professor Titular do Instituto de Fi'sica da Universidade do Estado do 
Rio de Janeiro, March 1995 and the earlier references cited here. 

12. H.C. Pauh and S.J. Brodsky, Phys. Rev. D32 (1985) 1993. 

13. P.P. Srivastava, On spontaneous symmetry breaking mechanism in light-front 
quantized field theory, Ohio State University preprint 91-0481, SLAC database no. 
PPF-9148, November 1991. 

14. P.P. Srivastava, Spontaneous symmetry breaking mechanism in light-front quantized 
field theory - Discretized formulation, Ohio State University preprint 92-0173, SLAC 
PPF-9222, April 1992, Contributed to XXVI Intl. Conference on High Energy 
Physics, Dallas, Texas, August 92, (AIP Conference Proceedings 272, pg. 2125 Ed. 
J.R. Sanford ), hep-th@xxx.lanl.gov/ 9412193; 

P.P. Srivastava, Light-front Quantization and SSB, Hadron Physics 94, pg. 253, 
eds., V. Herscovitz et. al.. World Scientific, Singapore, 1995 ( hep-th@xxx.lanl.gov. 
nos. 9412204 and 205); 

P.P. Srivastava, Nuovo Cimento A107 (1994) 549; 

see also Lectures given at XIV ENPC, Caxambu, MG, 1993 (hep-th@xxx.lanl. gov/ 



- 19 - 



CBPF-NF-045/96 



9312064). 

15. P.P. Srivastava, Padova University preprint, DFPF/93/TH/18, March 93; Nuovo 
Cimento A108 (1994) 35 ( hep-th@xxx.lanl.gov/9412240). 

16. B. Simon and R.B. Griffiths, Commun. Math. Phys. 33 (1973) 145; B. Simon, The 
P($)2 Euclidean (Quantum) Field Theory, Priceton University Press, 1974. 

17. P.P. Srivastava, Light-front Dynamics of Chern-Simons Systems, ICTP Trieste 
preprint, IC/305/94 ( hep-th@xxx.lanl.gov/9412239); see also 

invited talk Light-front Quantization of Chern-Simons Systems presented at the 
International Workshop on Particle Theory and Phenomenology, Iowa State 
University, Ames, May 1995, to be published in the Proceedings, World Scientific, 
Singapore. See also Europhys. Letts. 33 (1996) 423. 
18 R. Banerjee, A. Chatterjee, and V.V. Sreedhar, Ann. Phys. (N.Y.) 222 (1993) 254; 
A. Foerster and H.O. Girotti, Phys. Lett. B 230 (1989) 83. 

19. G.W. Semenoff, Phys. Rev. Lett. 61 (1988) 517. 

20. C. Hagen, Ann. Phys. (N.Y.) 157(1984) 342. 

21 A. Bassetto, O. Nardelli and R. Soldati, YM Theories in Algebraic Non-covariant 
Gauges, World Scientific, Singapore, 1991. 



